Abstract. In this paper we classify the isomorphism classes of four dimensional nilpotent associative algebras over a field F, studying regular subgroups of the affine group AGL 4 (F). In particular we provide explicit representatives for such classes when F is a finite field, the real field R or an algebraically closed field.
Introduction
The aim of this paper is the classification of the isomorphism classes of four dimensional nilpotent associative algebras over a field F. This result will be achieved exploiting the properties of the regular subgroups of the affine group AGL 4 (F).
It is worth recalling that the affine group AGL n (F) can be identified with the subgroup of GL n+1 (F) consisting of the invertible matrices having (1, 0, . . . , 0) T as first column. It follows that AGL n (F) acts on the right on the set A = {(1, v) : v ∈ F n } of affine points. A subgroup R of AGL n (F) is called regular if it acts regularly on A, namely if for every v ∈ F n there exists a unique element in R having (1, v) as first row. Writing the elements r of a regular subgroup R ≤ AGL n (F) as
we give rise to the functions δ R : F n → Mat n (F) and µ R : F n → R. For instance, the translation subgroup T n of AGL n (F) is a regular subgroup, corresponding to the choice δ Tn equal to the zero function.
We focus our attention on the set ∆ n (F) of the regular subgroups R of AGL n (F) with the property that δ R is a linear function. Notice that if R is abelian, then R ∈ ∆ n (F) (see [1, 8] ); however, for n ≥ 3, the set ∆ n (F) also contains nonabelian groups (see [5] ). We also remark that if R ∈ ∆ n (F), then R is unipotent and contains nontrivial translations (see [4, 6] ). Our main motivation for studying the set ∆ n (F) is that there exists a bijection between the set of isomorphism classes of nilpotent associative algebras of dimension n over a field F and the set of conjugacy classes of subgroups in ∆ n (F) (see [4, Proposition 2.2] ). In fact, our classification of four dimensional nilpotent associative F-algebras (Theorem 1.1) will follow from the classification of the conjugacy classes of regular subgroups in ∆ 4 (F).
The paper is organized as follows. In Section 2 we recall some useful results concerning ∆ n (F) and in the following sections we classify, up to conjugation, the regular subgroups in ∆ 4 (F), see Theorems 4.2 and 5.12. More in detail, in Section 4 we deal with abelian regular subgroups and in Section 5 we consider nonabelian Before to describe the results we obtained, we need to fix some notation. The sets Π S (F) and Π A (F) are complete sets of representatives of projective congruent classes for, respectively, symmetric and asymmetric matrices in Mat 3 (F), see Definition 2.2. Given a field F, we denote by F a transversal for (F * ) 2 in F * . Also, for any ρ ∈ F , we denote by A ρ (F) a fixed set of representatives for the equivalence classes with respect to the following relation ρ defined on A(F) = (F \ {1}) × F: given (β 1 , β 2 ), (β 3 , β 4 ) ∈ A(F), we write (β 1 , β 2 ) ρ (β 3 , β 4 ) if and only if either (β 3 , β 4 ) = (β 1 , ±β 2 ) or (1.2) β 3 = β 1 t 2 + β 2 t − ρ t 2 + β 2 t − ρβ 1 and β 4 = ± β 2 t 2 − 2ρ(β 1 + 1)t − ρβ 2 t 2 + β 2 t − ρβ 1 for some t ∈ F such that (t 2 + ρ)(t 2 + β 2 t − ρβ 1 ) = 0. If char F = 2, we fix two additional sets B(F) and C(F). The set B(F) is a transversal for the subgroup B(F) = {λ 2 + λ : λ ∈ F} in F. The set C(F) is a set of representatives for the equivalence classes with respect to the following relation ⋆ defined on F : given ρ 1 , ρ 2 ∈ F , we write ρ 1 ⋆ ρ 2 if and only if ρ 2 = for some x 1 , x 2 , x 3 , x 4 ∈ F such that x 1 x 4 = x 2 x 3 . For convenience, we assume 1 ∈ F and 0 ∈ B(F).
We can now state our main result.
Theorem 1.1. The distinct isomorphism classes of four dimensional nilpotent associative algebras over a field F can be represented by the algebras described in the second column of Table 1 (abelian case) and Table 2 (nonabelian case).
In particular, there are exactly        9 if F = F is algebraically closed and char F = 2, 10 if F = F is algebraically closed and char F = 2, 11 if F = F q is finite, 12 if F = R, nonisomorphic abelian nilpotent associative F-algebras of dimension four. We point out that the classification given in Theorem 1.1 for the abelian case was already obtained, using other techniques, by De Graaf [2] (if F = F q or R) and by Poonen [7] (for algebraically closed fields). It is also interesting to observe that if F = F q is a finite field, then there are exactly 5q + 9 (if q is odd) or 5q + 6 (if q is even) nonisomorphic nonabelian nilpotent associative F q -algebras of dimension four (see Proposition 5.23).
Preliminary results
Our classification of regular subgroups in ∆ 4 (F) basically relies on the key results of [4, 5] that we recall in this section. 
for all v, w ∈ F n , see [5] . Also, given v, w ∈ F n ,
We also recall that two subgroups R 1 , R 2 ∈ ∆ n (F) are conjugate in AGL n (F) if and only if there exists a matrix g = diag(1,ḡ) withḡ ∈ GL n (F) such that R g 1 = R 2 (see [5, Proposition 3.4] ). On the other hand it is useful, mainly to prove that two regular subgroups are not conjugate, to introduce the following three parameters. Let H ∈ {R, Z(R)}, where R ∈ ∆ n (F). Then we may define:
The last parameter is justified since the set {v ∈ F n : µ R (v) ∈ Z(R)} is a subspace of F n (see [4, Proposition 2.1] ). We will proceed considering the possible values of (d(Z(R)), r(Z(R)) for R ∈ ∆ 4 (F) and working in the centralizer of a Jordan form as described in Proposition 2.1(b). Unfortunately, the case r(Z(R)) = 2 will require a different approach, based on the classification of the regular subgroups in ∆ 3 (F) obtained in [5] . In particular, we will make use of the following observation.
Any regular subgroup R ∈ ∆ n (F), n ≥ 2, can be written as
for some R ∈ ∆ n−1 (F) and some square matrix D ∈ Mat n−1 (F) such that
for all i, j = 1, . . . , n − 1 ({e 1 , . . . , e n−1 } denotes the canonical basis of F n−1 ), see [4] . In particular, we can take R = T n−1 : in this case any square matrix D ∈ Mat n−1 satisfies (2.2). We set
The study of these subgroups R D is justified mainly because of their connection with projectively congruent matrices. Definition 2.2. [9] Two matrices A, B ∈ Mat n (F) are said to be projectively congruent if P AP T = λB, for some non-zero element λ ∈ F * and some invertible matrix P ∈ GL n (F). 
A given nilpotent associative algebra N of dimension n can be embedded into On the other hand, given a regular subgroup R ∈ ∆ n (F), we have that
is a split local F-algebra of dimension n, by [5, Theorem 3.3] . Notice that set For sake of brevity, we write
to indicate the regular subgroup
For all i ≤ n, we denote by X i the matrix of R − I n+1 obtained taking x i = 1 and x j = 0 for all j = i. Finally, E i,j is the elementary matrix having 1 at position (i, j), 0 elsewhere.
The regular subgroups in ∆ 4 (F)
For classifying the regular subgroups R ∈ ∆ 4 (F), where F is any field, we consider the possible values of (d(Z(R)), r(Z(R))). By Proposition 2.1 the subgroup R is unipotent and its center contains an element conjugate in AGL 4 (F) to one of the following Jordan forms z: 
If d(R) = 4, we have two conjugacy classes of regular subgroups: when k(R) = 2 the subgroup R is conjugate to S (4,1) and when k(R) = 1 it is conjugate to S ♯ (3,2) , where
Conjugating the subgroups obtained in [5, Lemma 7.4 ] by g = diag(I 2 , E 1,2 + E 2,1 , 1), we obtain that R is conjugate to
. So, working in C AGL4(F) (z) and using the linearity of δ R we obtain that R is conjugate to a subgroup R D , where
If d(Z(R)) = r(Z(R)) = 2, we may assume that the center of R contains the
. Again, working in C AGL 4 (F) (z) and using the linearity of δ R we obtain that R is conjugate to the subgroup 
The abelian case
In this section we assume that R ∈ ∆ 4 (F) is abelian. In view of the results recalled in Section 3, we are left to determine the conjugacy classes of subgroups of type U 1 (α, β), U 2 (α 1 , α 3 , γ 1 , γ 3 , ζ) and R D where D ∈ Mat 3 (F) is a symmetric matrix. We start with the subgroups U 1 (α, β).
Then R is conjugate to exactly one of the following subgroups:
Proof. By the previous argument, we can assume that R = U 1 (α, β), as in (3.1), for some α, β ∈ F. First, suppose that char F = 2 and set ∆ = α 2 + 4β. If ∆ = 0, write ∆ = ω 2 ρ for some ω ∈ F * and a unique ρ ∈ F . We can define an epimorphism (of algebras) Ψ :
We have Ker (Ψ) = t
The subgroup U 1 (α, β) is conjugate to U 1 (0, ρ) by Proposition 2.4. Now, it is quite easy to see that two subgroups U 1 (0, ρ 1 ) and
If α 2 + 4β = 0, we consider the epimorphism Ψ :
whose kernel is Ker (Ψ) = t
if and only if λ ∈ B(F)). In this case, we can define an epimorphism Ψ :
We obtain Ker (Ψ) = t
Finally, assume α = 0. For β = 0 observe that
We have Ker (Ψ) = t for some x 1 , x 2 , x 3 , x 4 ∈ F such that x 1 x 4 = x 2 x 3 (see the notation described in the Introduction).
To conclude we observe that subgroups U 1 (0, ρ), ρ ∈ C(F), are not conjugate to subgroups U 1 (1, ǫ), ǫ ∈ B(F).
We can now classify the abelian regular subgroups of AGL 4 (F). Table 1 .
As seen in Section 3, if d(R) = 5 then R is conjugate to S (5) , and if d(R) = 4 then R is conjugate either to S (4, 1) or to S
If r(R) = 2 we apply [5, Lemma 7.7] , obtaining that char F = 2 and R is conjugate to U 2 (0, 0, 0, 0, 0) = R D , where
Notice that in three cases, R is conjugate to a subgroup R D . By Lemma 2.3 the statement of the theorem is proved considering a set Π S (F) of representatives for projective congruent classes of symmetric matrices in Mat 3 (F).
We now provide explicit representatives for algebraically closed fields, for R and for finite fields. 
If char F = 2, there are exactly 10 distinct conjugacy classes of abelian regular subgroups of AGL 4 (F), that can be represented by
Proof. Since F is algebraically closed, F = {1} and, when char F = 2, B(F) = {0} and C(F) = {1}. The set Π S (F) can be obtained applying, for instance, [3, Theorem 2.1]. Hence, the statement is proved noticing that, as observed in the proof of Lemma 4.1, when char F = 2 the subgroups U 1 (0, 0) and U 1 (0, 1) are conjugate. 
Proof. First of all, we can take R = {1, −1}. The set Π S (F) can be obtained again applying [3, Theorem 2.1], noticing that two matrices A, B ∈ Mat n (F) are projectively congruent if and only if A is congruent to ±B. (a) for q odd,
where
Proof. For q odd we have F = {1, ξ} and for q even we have F = C(F) = {1} and B(F) = {0, ξ}. The set Π S (F q ) has been determined in [9, Theorem 4].
The nonabelian case
In this section we assume that R ∈ ∆ 4 (F) is nonabelian. We are reduced to study the cases when (d(Z(R)), r(Z(R))) = (3, 2), (2, 2) or (2, 1). We recall that if (d(Z(R)), r(Z(R))) = (3, 2) then R is conjugate to a subgroup of shape R D .
If
So, we have to consider now the case ζ = 0. Notice that since R is nonabelian, we must have γ 1 = α 3 . Furthermore, we have d(R) = 4 and r(R) = 3.
Lemma 5.1. There are exactly 2 conjugacy classes of nonabelian regular sub-
. Such classes can be represented by the subgroups U 2 (0, 1, 0, 1, 1) and U 2 (0, 1, 0, 0, 1).
Proof. By the previous considerations, we may assume that
where ζ = 0 and
is an isomorphism: by Proposition 2.4, R is conjugate to U 2 (0, 1, 0, 1, 1). Suppose now that γ 3 = 0: in this case k(R) = 2 and so R is not conjugate to
is an isomorphism and so R is conjugate to U 2 (0, 1, 0, 0, 1).
We now consider the case when d(Z(R)) = 2 and r(Z(R)) = 1. Instead of working in C AGL4(F) (diag(J 2 , I 3 )), it is more convenient to write R as R(R, D), for someR ∈ ∆ 3 (F) and D ∈ Mat 3 (F), see (2.1). The regular subgroups in ∆ 3 (F) have been classified in [5] . 
Hence, we have to consider the six subcases corresponding toR = S (3,1) , R ρ , U 
These subgroups are not conjugate to R A for any A ∈ Mat 3 (F).
Proof. Let R = R(S (3, 1) , D) for some D ∈ Mat 3 (F) such that d(Z(R)) = 2 and r(Z(R)) = 1. By (2.2) and the hypothesis that R is nonabelian, we obtain
is an isomorphism and so R is conjugate to U 3 (0, 1, 1). Suppose now that γ 3 = α 3 = 0 (and so
is an isomorphism: it follows that R is conjugate to U 3 (0, 1, 0). Finally, suppose that γ 3 = 0 and α 3 = 0. For any λ ∈ F \ {1}, consider the algebra L λ = L U3(1,λ,0) :
Before to consider the next subcase, we recall the following notation given in the Introduction. For any ρ ∈ F , we denote by A ρ (F) a fixed set of representatives for the equivalence classes with respect to the following relation ρ defined on
Lemma 5.4. The distinct conjugacy classes of nonabelian subgroups
with ρ ∈ F and (β 1 , β 2 ) ∈ A ρ (F). Furthermore, d(R) = r(R) = 3 and k(R) = 2. if α 2 = 0, we obtain that R is conjugate via g to the subgroup
, where β 1 = 1.
Let ρ 1 , ρ 2 ∈ F , β 1 , β 2 , β 3 , β 4 ∈ F with β 1 , β 3 = 1. It is quite easy to verify that the subgroups U 4 (ρ 1 , β 1 , β 2 ) and U 4 (ρ 2 , β 3 , β 4 ) are conjugate in AGL 4 (F) if and only if there exists an element g = diag(1, A, B) ∈ GL 5 (F), with A = a 1 a 2 a 3 a 4 , 1, 1, −1, 1, −1) ,
). Hence, we may suppose a 2 = 0 and a 4 = −a 1 a 3 (a 2 ρ 2 ) −1 by (5.2). In this case (5.3) gives ρ 2 = ρ 1 , a 3 = ±a 2 ρ 1 , f 0 = 0 and f + = 0 or f − = 0, where
for some t ∈ F such that (t 2 + ρ)(t 2 + β 2 t − ρ 1 β 1 ) = 0. In other words, this holds if and only if ρ 2 = ρ 1 and (β 1 , β 2 ) ρ1 (β 3 , β 4 ). Remark 5.6. It will be useful to give the presentation of the following algebras: (a) L U4(ρ,0,λ) = Span(t 1 , t 2 ) such that: 
Furthermore, d(R) = r(R) = 3 and k(R) = 2.
Proof. Let R = R(U 
(clearly, when λ = 0, the condition t 3 2 = 0 can be omitted). We now define an isomorphism of split local algebras Ψ : L λ → L R in the following way:
. Hence, R is conjugate to U 5 (1, 1, λ) for some λ ∈ F. Now, U 5 (1, 1, λ 1 ) and U 5 (1, 1, λ 2 ) are conjugate if and only if λ 1 +λ 2 ∈ B(F). We conclude that are exactly |B(F)| conjugacy classes.
F) be a nonabelian subgroup such that d(Z(R)) = 2 and r(Z(R)) = 1. Then R is conjugate to one of the following subgroups:
Then, R is conjugate via g = I 5 −β 1 E 4,5 to
It is easy to see that U 6 (α 1 , α 2 , β 2 ) is conjugate to some R A if and only if
is an isomorphism. By Proposition 2.4, R is conjugate to the subgroup U 3 (1, 0, 0).
is an isomorphism and so R is conjugate to U 3 (0, 1, 0).
For the other values of α 1 , α 2 , β 2 we have d(R) = r(R) = 3 and k(R) = 2. If α 1 , β 2 = 0 and α 2 = 0, write α1 β2 = ω 2 ρ for some ω ∈ F * and a unique ρ ∈ F : the function Ψ :
is an isomorphism. Hence, R is conjugate to U 4 (ρ, 0, 0). We are left to consider the case where α 2 = 0. Suppose α 1 = β 2 = 0. If char F = 2, write −1 = ω 2 ρ for some ω ∈ F * and a unique ρ ∈ F : the function Ψ :
is an isomorphism and hence R is conjugate to U 4 (ρ, −1, 0). If char F = 2, the function Ψ :
is an isomorphism and hence R is conjugate to U 5 (1, 1, 0).
is an isomorphism. Hence, U is conjugate to U 3 (0, 1, 1). If ∆ = 0, write
for some ω ∈ F * and a unique ρ ∈ F . The function Ψ :
is an isomorphism. Hence, R is conjugate to U 4 (ρ, 0, ω −1 ).
Lemma 5.9. Assume char F = 2. Let R = R(N 2 , D) ∈ ∆ 4 (F) be a nonabelian subgroup such that d(Z(R)) = 2 and r(Z(R)) = 1. Then R is conjugate to one of the following subgroups:
It is easy to see that U 7 (α 1 , α 2 , β 2 ) is conjugate to some R A if and only if α 1 = α 2 = β 2 = 0. In this case d(R) = r(R) = k(R) = 2 and U 7 (0, 0, 0) g = R (E1,2−E2,1) where diag(I 3 , (E 2,1 − E 1,2 )). Suppose now (α 1 , α 2 , β 2 ) = (0, 0, 0) and let ∆ = 4α 1 β 2 − α 
Since Ψ is an isomorphism, we obtain that U 7 (α 1 , α 2 , β 2 ) is conjugate to U 3 (1, −1, 0). Now, assume ∆ = 0 and write ∆ = ω 2 ρ for some ω ∈ F * and a unique ρ ∈ F . The function Ψ :
is an isomorphism: R is conjugate to U 4 (ρ, −1, 0).
* , be a nonabelian subgroup such that d(Z(R)) = 2 and r(Z(R)) = 1. Then, R is conjugate to one of the following subgroups: R A , where A = E 1,1 + E 2,1 + λE 2,2 , U 3 (0, 1, 1), U 3 (1, µ, 0) for some µ ∈ F \ {0, 1}, U 4 (ρ, β 1 , β 2 ) for some ρ ∈ F and β 1 , β 2 ∈ F, or U 5 (1, 1, ω) where ω ∈ F is such that ω + λ ∈ B(F).
Proof. Let R = R(N 3,λ , D) for some λ ∈ F * and some D ∈ Mat 3 (F). By (2.2)
It is easy to see thatŨ 8 (λ, α 1 , α 2 , β 1 ) is conjugate to some R A if and only if α 1 = α 2 = β 1 = 0. In this case d(R) = 3 and r(R) = k(R) = 2 andŨ 8 (λ, 0, 0, 0) g = R A , where g = E 1,1 + E 2,3 + E 5,4 − λE 2,2 + λE 3,3 + λ 2 E 4,5 and A = E 1,1 + E 2,1 + λE 2,2 .
So, suppose (α 1 , α 2 , β 1 ) = (0, 0, 0): we have d(R) = r(R) = 3 and k(R) = 2. We may also assume β 1 = 1. Namely, if β 1 = 0 it suffices to conjugateŨ 8 (λ, α 1 , α 2 , β 1 ) by g = diag(1, β 1 , β 1 , β 2 1 , β 1 ). If β 1 = 0 and α 2 = 0, then we conjugate by the matrix diag 1,
and if α 2 = β 1 = 0, we conjugate by the matrix diag 1, 0
In this case ∆ = −1 that we write as −1 = ω 2 ρ for some ω ∈ F * and a unique ρ ∈ F . If
, where
.
If α 1 = 0 and char F = 2, then U 8 (λ, 0, 1)
. If α 1 = 0 and char F = 2, then Table 3 . Representatives for conjugacy classes of nonabelian subgroups having d(Z(R)) = 2 and r(Z(R)) = 1.
Hence, we may now suppose α 2 = 1. If ∆ = 0, we write ∆ = ρω 2 for some ω ∈ F * and a unique ρ ∈ F . Then
and if λ = −α2
Corollary 5.11. Let R ∈ ∆ 4 (F) be a nonabelian subgroup such that d(Z(R)) = 2 and r(Z(R)) = 1. Suppose that R is not conjugate to any R A , A ∈ Mat 3 (F). Then R is conjugate to exactly one of the subgroups listed in Table 3 .
Proof. In view of Lemmas 5.3, 5.4, 5.7, 5.8, 5.9 and 5.10, R is conjugate to one of the subgroups listed in Table 3 . Since d(R A ) ≤ 2, it follows from Lemma 5.3 that these subgroups are not conjugate to R A for any A ∈ Mat 3 (F). Direct computations show that no pair of subgroups U 3 (0, 1, 1),
We can now give the classification of the nonabelian subgroups in ∆ 4 (F). Proof. Let R ∈ ∆ 4 (F) be a nonabelian regular subgroup. By the considerations given in Section 3 we have the following possibilities: (d(Z(R)), r(Z(R))) = (3, 2), (2, 2) or (2, 1). If (d(Z(R)), r(Z(R))) = (2, 2) then R is conjugate either to U 2 (0, 1, 0, 1, 1) or to U 2 (0, 1, 0, 0, 1), by Lemma 5.1. If (d(Z(R)), r(Z(R))) = (2, 1), then R is conjugate to either one of the subgroups of Table 3 or to a subgroup R A , by Corollary 5.11. If (d(Z(R)), r(Z(R))) = (3, 2), then R is conjugate to a subgroup R A . The statement of the theorem is proved considering a set Π A (F) of representatives for projective congruent classes of asymmetric matrices in Mat 3 (F).
We would like to give explicit sets A ρ , at least when F is algebraically closed, the real field R or a finite field. Observe that, for every field F of characteristic = 2, (−1, 0) ∈ A ρ for all ρ ∈ F , by Remark 5.5(a).
Fixing ρ ∈ F , β 1 ∈ F \ {1} and β 2 ∈ F such that (β 1 , β 2 ) = (−1, 0), define the following polynomials in F[t]:
Lemma 5.13. Suppose that β 1 = 1 and (β 1 , β 2 ) = (−1, 0). If either
Proof. Clearly, the statement holds if β 1 = 0. So, assume β 1 = 0. Since f 1 (t) is reducible, we can take a ∈ F such that f 1 (a) = 0 and from (5.1) we obtain that
g1(a) provided that g 1 (a)g 2 (a) = 0. Suppose that f 1 (a) = g 1 (a)g 2 (a) = 0. Observe that f 1 (a) = g 1 (a) = 0 implies g 2 (a) = 0, since f 1 (t) = g 1 (t) + (β 1 − 1)g 2 (t). So, we may suppose that any root of f 1 (t) is also a root of g 2 (t). Clearly, this implies that ρ = −ω 2 for some ω ∈ F. Take a = a i = (−1)
i ω, i = 0, 1. If f 1 (a i ) = 0 for some i, then β 2 = (−1) i+1 ω(β 1 + 1). In this case, f 1 (t) = (t − a i )(β 1 t − (−1) i ω) implies that β 1 (−1) j ω − (−1) i ω = 0 for some j = 0, 1, whence β 1 = −1 and (i, j) ∈ {(0, 1), (1, 0)}. It follows that β 2 = 0, contradicting our assumption (β 1 , β 2 ) = (−1, 0).
In the following, given a subset S of F * , we denote by −S and S −1 the sets {−s : s ∈ S} and {s −1 : s ∈ S}, respectively.
Corollary 5.14. Let F be a field with no quadratic extensions.
Proof. It follows from Lemma 5.13 and Remark 5.5. 
where, if char F = 2,
and M(F) and N(F) are subsets of
Proof. By Theorem 5.12 and Corollary 5.14 we are left to determine the set Π A (F). Applying [3, Theorem 2.1], the elements of Π A (F) are the asymmetric matrices obtained as diagonal sum of the following matrices:
where µ ∈ M(F). If char F = 2 we also allow µ = −1; if char F = 2 we must omit the matrices diag 1, 0 1 µ 0 .
Lemma 5.16. Let ρ = 1 and char F = 2. Suppose that there exists an element ι ∈ F such that ι 2 = −1. Then
Proof. We show that every subgroup U 4 (1, β 1 , β 2 ), β 1 = 1, is conjugate to a unique subgroup U 4 (1, β 3 , β 4 ) with (β 3 , β 4 ) ∈ A 1 as in the statement. This clearly holds if β 4 = ±2ι, so suppose β 4 = ±2ι. Keeping the notation of (5.6), let
β2−2ι is a root of h 1 (t). It follows that R is conjugate to U 4 (1, λ + 1, 2ι) for some λ ∈ F * , provided that g 1 (a)g 2 (a) = 0. Notice that g 1 (a)g 2 (a) = 0 if and only if (β 1 + ιβ 2 + 1)(β = 0. It follows that R is conjugate to U 4 (1, −3, −2ι) and then to U 4 (1, −3, 2ι), by Remark 5.5.
Finally, it is an easy computation to verify that U 4 (1, λ 1 + 1, 2ι) is conjugate to U 4 (1, λ 2 + 1, 2ι) if and only if λ 1 = λ 2 .
Clearly the previous lemma gives an alternative set A 1 for algebraically closed field of characteristic = 2. In a very similar way we can prove the following. 2 . Then
Lemma 5.18. Suppose that char F = 2, β 1 = 0, 1, β 2 = 0 and (β 1 , β 2 ) = (−1, 0). If f 1 (t) is irreducible and f 2 (t) is reducible, then U 4 (ρ, β 1 , β 2 ) is conjugate to U 4 (ρ, λ, 0) for some λ ∈ F \ {0, 1}.
Proof. Since f 2 (t) is reducible, we can take a ∈ F such that f 2 (a) = 0 and from (5.1) we obtain that U 4 (ρ, β 1 , β 2 ) is conjugate to U 4 ρ,
g1(a) , 0 provided that g 1 (a)g 2 (a) = 0. So, first, suppose that f 2 (a) = g 2 (a) = 0 for some a ∈ F. As in Lemma 5.13, this implies that ρ = −ω 2 for some ω ∈ F * and a = a i = (−1) i ω for some i = 0, 1. In particular, we get β 2 = (−1) i+1 ω(β 1 + 1) (whence β 1 = −1). In this case, we obtain that f 1 (a i ) = 0, an absurd, since f 1 (t) is irreducible. Next, suppose that any root of f 2 (t) is a root of g 1 (t) = 0 (but not a root of g 2 (t)). Let r be the resultant between f 2 (t) and g 1 (t) with respect to t. From r = 0 we get (β
2 ) = 0. Since f 1 (t) is irreducible, this implies ρ(β 1 + 1) 2 + β 2 2 = 0 and so ρ = −ω 2 for some ω ∈ F * and β 2 = ±ω(β 1 + 1). As before, this condition implies that f 1 (t) is reducible, a contradiction. 
Lemma 5.21. Suppose that char F = 2, β 1 = 0, 1 and (β 1 , β 2 ) = (−1, 0). Let F = {1, ξ} and let ϑ ∈ F such that ϑ 2 + 1 = σ 2 ξ for some σ ∈ F * . If f 1 (t) and f 2 (t) are both irreducible, then U 4 (1, β 1 , β 2 ) and U 4 (ξ, β 1 , β 2 ) are conjugate, respective, to U 4 (1, λ 1 , ϑ(λ 1 + 1)) and U 4 (ξ, −1, λ 2 ) for some λ 1 ∈ F \ {±1} and λ 2 ∈ F * .
Proof. Since f 1 (t) and f 2 (t) are both irreducible polynomials, then β 2 2 +4ρβ 1 = ω 2 ξ and (β 1 + 1) 2 ρ 2 + ρβ 2 2 = ν 2 ξ for some ω, ν ∈ F * . First, consider ρ = 1. The statement is obvious if β 2 = ϑ(β 1 + 1). So, assume β 2 = ϑ(β 1 + 1) and let h(t) = f 2 (t)−ϑ(f 1 (t)+g 1 (t)). Since the discriminant of h(t) is 4(ϑ 2 +1)ν 2 ξ = (2σνξ) 2 , there exists a ∈ F such that h(a) = 0. Now, denote by r i the resultant between h(t) and g i (t) with respect to t: we obtain r 1 = ν 2 ξ((β 1 −1) 2 ϑ 2 −ω 2 ξ) and r 2 = 4(ϑ 2 +1)ν 2 ξ. From r 1 = 0 we get ξ = ((β 1 − 1)ϑω −1 ) 2 , an absurd; from r 2 = 0 we obtain ϑ 2 + 1 = 0, which is in contradiction with the initial assumption on ϑ. Hence, g 1 (a)g 2 (a) = 0 and so U 4 (1, β 1 , β 2 ) is conjugate to U 4 1,
. Next, consider ρ = ξ. The statement is obvious if β 1 = −1. So, assume β 1 = −1 and let h(t) = f 1 (t) + g 1 (t). Since the discriminant of h(t) is 4ν
2 , there exists a ∈ F such that h(a) = 0. Clearly, if h(a) = g 1 (a) = 0, then f 1 (a) = 0, contradicting the assumption that f 1 (t) is irreducible. So, suppose that h(a) = g 2 (a) = 0 and denote by r the resultant between h(t) and g 2 (t) with respect to t. Since r = 4ν 2 ξ = 0, we obtain that g 2 (a) = 0 and so U 4 (ξ, β 1 , β 2 ) is conjugate to U 4 ξ, −1,
g1(a) .
Lemma 5.22. Let F = F q be a finite field and keep the previous notation.
(a) Suppose q even. Then we can take F = {1} and
where, for every a ∈ F\{0, 1}, κ a ∈ F * is a fixed element such that κ 2 a +κ a ∈ a 2 B(F). In particular,
. Then we can take F = {1, ξ} and
where ι 2 = −1 and
and F * q \ a + a −1 ξ : a ∈ F * q = Q(F q ) ⊔ −Q(F q ). In particular, |A 1 | + |A ξ | = 2q + 1. (c) Suppose q ≡ 3 (mod 4). Then we can take F = {1, −1} and A 1 = {(−1, 0), (0, 0)} ∪ {(0, λ) : λ ∈ N(F q )} ∪ {(λ, 0) : λ ∈ P(F q )} ∪ ∪{(λ, ϑ(λ + 1)) : λ ∈ S(F q )}, A −1 = {(−1, 0), (0, 0)} ∪ {(λ + 1, 2) : λ ∈ F * q }, where ϑ is such that ϑ 2 + σ 2 + 1 = 0 for some σ ∈ F * and F * q \ {±1} ∪ {ω 2 : ω ∈ F * q } = P(F q ) ⊔ −P(F q ) and
: a ∈ F * q \ {−ϑ} = S(F q ) ⊔ S(F q ) −1 .
In particular, |A 1 | + |A −1 | = 2q + 1.
Proof. Let f 1 (t), f 2 (t), g 1 (t), g 2 (t) as in (5.6). Suppose q even. If either β 1 = 0 or f 1 (t) is reducible, then U 4 (1, β 1 , β 2 ) is conjugate to U 4 (1, 0, λ) for a unique λ ∈ F, by Lemma 5.13 and Remark 5.5. Now, suppose β 1 = 0, 1 and f 1 (t) irreducible. Then β 2 = 0, β 1 β −2 2 ∈ B(F) and g 1 (t) is also irreducible. We obtain that U 4 (1, β 1 , β 2 ) is conjugate to U 4 (1, β 3 , β 4 ) (β 3 = 0, 1, β 4 = 0, β 3 β −1 = 0, 1 and κ a ∈ F * is chosen in such a way that κ 2 a + κ a ∈ a 2 B(F).
Suppose q ≡ 1 (mod 4). The set A 1 is given in Lemma 5.16. So, consider the case ρ = ξ with (β 1 , β 2 ) = (−1, 0). If either β 1 = 0 or f 1 (t) is reducible, then R = U 4 (ξ, β 1 , β 2 ) is conjugate to U 4 (ξ, 0, λ) for a unique λ ∈ N(F q ), by Lemma 5.13 and Remark 5.5. So, assume β 1 = 0 and f 1 (t) irreducible. If f 2 (t) is reducible, then R is conjugate to U 4 (ξ, λ, 0) for some λ = 0, 1, by Lemma 5.18. Recall that, by Remark 5.5, U 4 (ξ, λ 1 , 0) is conjugate to U 4 (ξ, λ 2 , 0) if and only if either λ 2 = λ 1 or λ 2 = λ −1 1 ; U 4 (ξ, λ 1 , 0) is conjugate to U 4 (ξ, 0, λ 2 ) if and only if λ 1 = ξω 2 and λ 2 = 2ξω(ξω 2 − 1) −1 for some ω ∈ F; U 4 (ξ, −1, λ 1 ) is conjugate to U 4 (ξ, −1, λ 2 ) if and only if λ 2 = ±λ 1 . Finally, if β 1 = 0, 1 and both f 1 (t) and f 2 (t) are reducible, then R is conjugate to U 4 (ξ, −1, λ) for some λ ∈ F, by Lemma 5.21. Now, U 4 (ξ, −1, λ 1 ) is not conjugate to U 4 (ξ, λ 2 , 0) if λ 1 = 0. Furthermore, U 4 (ξ, −1, λ 1 ) is conjugate to U 4 (ξ, 0, λ 2 ) if and only if λ 1 = a + ξa −1 and λ 2 = ±a 2 −ξ 2a
for some a ∈ F * . Suppose q ≡ 3 (mod 4). The set A −1 is given in Lemma 5.17. So, consider the case ρ = 1 with (β 1 , β 2 ) = (−1, 0). Proceeding in a way similar to what we did for the case q ≡ 1 (mod 4), R = U 4 (1, β 1 , β 2 ) is conjugate to a subgroup having one of the following shape U 4 (1, 0, λ) for a unique λ ∈ N(F q ), U 4 (1, λ, 0) for some λ = 0, 1, or U 4 (1, λ, ϑ(λ + 1)) for some λ = 1. Now, U 4 (1, λ 1 , 0) is conjugate to U 4 (1, λ 2 , 0) if and only if either λ 2 = λ 1 or λ 2 = λ U 2 (0, 1, 0, 1, 1), U 2 (0, 1, 0, 0, 1), U 3 (0, 1, 1), U 3 (0, 1, 0), U 3 (1, λ, 0) (1 = λ ∈ F q ), U 5 (1, 1, 0), U 5 (1, 1, ξ), R D (D ∈ Π A (F q )), U 4 (1, β 1 , β 2 ) ((β 1 , β 2 ) ∈ A 1 ), where Π A (F q ) = {E 2,2 + E 2,3 + λE 3,3 , E 1,1 + E 2,2 + E 2,3 + λE 3,3 , E 1,3 + E 2,3 + E 3,2 , E 1,1 + E 1,3 + E 2,3 + E 3,2 , ξE 1,1 + E 1,3 + E 2,3 + E 3,2 + E 3,3 : λ ∈ F q }, and x 2 + x + ξ is a fixed irreducible polynomial of F q [x].
